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Abstract: It is known that moduli spaces of Calabi–Yau (CY) manifolds are special
Kähler manifolds. This structure determines the corresponding low-energy effective theory
which arises in superstring compactifications on CY manifolds. In the case, where CY
manifold is given as a hypersurface in the weighted projective space, we propose a new
procedure for computing the Kähler potential of the moduli space. Our method is based
on the fact that the moduli space of CY manifolds is a marginal subspace of the Frobenius
manifold which arises on the deformation space of the corresponding Landau–Ginzburg
superpotential.
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1 Introduction
To compute the low-energy Lagrangian of the string theory compactified on a CY
manifold, one needs to know the geometry of the corresponding CY moduli space. One
way to compute this structure was proposed in [1, 2].
As shown in [3], see also [4, 5], the Kähler potential of the metric on the moduli space of
CY manifold X is expressed bilinearly through periods of a holomorphic 3-form Ω.
ωµ :=
∮
qµ
Ω, (1.1)
where qµ form a basis of H3(X,Z).
The Kähler potential is computed in two steps.
The first step is to compute periods ωµ in a special basis of cycles qµ. It was successfully
done for a large number of CY manifolds and Landau–Ginzburg (LG) orbifolds in [2].
The second step is to compute a transition matrix from ωµ to the symplectic basis of
periods Πµ. Then Kähler potential is given by the bilinear form of periods Πµ. This
second step appears to be highly non-trivial. It was done for the case of the quintic CY
manifold in the beautiful paper [1].
In this work, we present an alternative approach to the computation of the Kähler
potential for the case where CY manifold is given by a hypersurface W (x) = 0 in a
weighted projective space. More specifically, our results immediately apply to the case
when a non-degenerate CY manifold can be defined by a hypersurface W0(x) = 0 such
that the function W0(x) defines an invertible singularity [6], that isW0(x) is a polynomial
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with a minimal possible number (which is 5 for a 3-fold) of monomials with some further
technical restriction, which is discussed in the section 6.
This approach is based on the connection of the CY manifold with a Frobenius
manifold (FM) which arises on the monodromy invariant deformations of the singularity
defined by the LG superpotentialW0(x) (see, e.g., [7–9]). Marginal elements of the Milnor
ring (quasihomogeneous deformations of the singularity) are in one-to-one correspondence
with complex structure deformations of the CY manifold X = {W (X) = 0} ⊂ P5 and
thus with H2,1(X). Monodromy invariant Milnor ring is generated by these elements
and is isomorphic to H3(X) where the degree of the Milnor ring element corresponds to
the Hodge decomposition. The moduli space of the CY manifold is a marginal subspace
of this Frobenius manifold. This fact allows to compute easily the intersection matrix
required to compute the Kähler potential.
We also make use of two different basises of the periods ωµ, σµ of the holomorphic
volume form Ω on the CY. The basis ωµ is the same as in the papers[1, 2]. The
σµ, in turn, is given by the connection with the chiral ring of the LG theory for the
superpotential W0(x).
Namely, the natural basis of the chiral ring gives a basis in the cohomology of the
differential D±W0 = d ± dW0∧. Periods σµ are then chosen as integrals over the dual ba-
sis of homology cycles Γ±µ , which belong to the relative homology H5(C,ReW0(x) = ±∞).
The expression for the Kähler potential is then given in terms of the periods σµ, the
holomorphic metric on the Frobenius Manifold and transition matrix T from periods ωµ
to σµ (see section 5):
e−K = σ+µ η
µρMνρ σ
−
ν , M = T
−1T¯ . (1.2)
The basis ωµ of periods has the advantage of being taken over homology cycles qµ with
integer coefficients. Therefore, both the Kähler potential and the (holomorphic) metric
of the FM are expressed in terms of the same intersection matrix of the corresponding
cycles.
e−K(φ) = ωµ(φ)C
µνων(φ),
hαβ = ωαµ(0)C
µνωβν(0),
(1.3)
where (C−1)µν = qµ ∩ qν and ωαµ(φ) are the different periods defined by integration over
the same cycles. However, it turns out that ωαµ are inconvenient to use in the second
equation.
On the contrary, periods of the basis σµ and the additional periods σ
±
αµ defined as
integrals over homology cycles Γ±µ with complex coefficients have more sophisticated con-
nection with the Kähler potential, but their relation with the holomorphic metric on the
FM is simple.
We demonstrate our method on the famous Quintic hypersurface, Fermat surfaces
and CY manifolds which are defined through the invertible singularities.
This paper is structured as follows. In section 2, we recall the notion of the Special
Kähler geometry structure arising on the moduli spaces of CY manifolds. In section 3,
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we focus on the case when CY manifold is a hypersurface in a weighted projective space
and discuss periods. In section 4 we review the Frobenius manifold structure connected
with such CY, and we also introduce the second set of periods. In section 5, we present
our main result, the formula for the Kähler potential on the moduli space. In section 6,
we demonstrate the efficiency of our method with some examples.
2 Special geometry
Here, we recall the basic facts about special Kähler geometry and how it arises on the
CY moduli space. Most of the material can be found in [3–5, 10, 11].
It was shown in [5] that the moduli space M of complex (or Kähler) structures of a given
CY manifold is a special Kähler manifold. That is, if M is n-dimensional, then there
are so-called special (projective) coordinates z1 · · · zn+1 and a holomorphic homogeneous
function F (z) of degree 2 in z called a prepotential such that the Kähler potential K(z)
of the moduli space metric is given by
e−K(z) = za ·
∂F¯
∂z¯a¯
− z¯a¯ ·
∂F
∂za
. (2.1)
This metric on the moduli space of complex structures is a metric that naturally arises
from B. deWitt metric on a space of metrics on CY manifolds.
Special geometry on the complex structure moduli space
Consider a CY three-fold X. The CY moduli space of X is the space of metric perturba-
tions of X that preserve Ricci-flatness.
Then, the metric on the complex structure CY moduli space can be obtained[5] from
natural deWitt metric for pure holomorhic CY metric deformations δgµν , δgµ¯ν¯ and given
by
Gab¯ =
∫
X
d6y g1/2 gµσ¯gνρ¯δagµνδb¯gσ¯ρ¯. (2.2)
The CY metric deformation with two indices of the same holomorphicity that leave the
metric Ricci flat corresponds to elements in H0,1
∂¯
(TX) ≃ H2,1(X):
δagν¯σ¯ → δagν¯σ¯g
σ¯µdy¯ν¯ = hµa,ν¯dy¯
ν¯ ∼ Ωµνσh
σ
a,ρ¯dy
µ ∧ dyν ∧ dyρ¯ ∼ χa,µνρ¯. (2.3)
We can then rewrite the above metric as
Gab¯ =
∫
X
χa ∧ χ¯b¯∫
X
Ω ∧ Ω¯
. (2.4)
Here indices a, b¯ are indices in the deformation space, that is in H2,1(X). Using the
following lemma (attributed to Kodaira):
∂aΩ = kaΩ+ χa, (2.5)
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we easily verify that this metric is a Kähler :
Gab¯ = −∂a∂b¯ ln
∫
X
Ω ∧ Ω¯. (2.6)
To obtain[5] the formulae written above , we choose Poincare dual symplectic basises
αa, β
b ∈ H3(X,Z) and Aa, Bb ∈ H3(X,Z):∫
Aa
αb = δ
a
b ,
∫
Aa
βb = 0,
∫
Ba
αb = 0,
∫
Ba
βb = δba,
Aa ∩Bb = δ
a
b , A
a ∩ Ab = 0, Ba ∩ Bb = 0.∫
X
αa ∧ β
b = δba,
∫
X
αa ∧ αb = 0
∫
X
βa ∧ βb = 0.
(2.7)
With this, we decompose Ω as
Ω = zaαa + Fbβ
b, (2.8)
here za, Fb are periods of Ω:
za =
∫
Aa
Ω, Fb =
∫
Bb
Ω. (2.9)
Substituting this in (2.8) we obtain
e−K =
∫
X
Ω ∧ Ω¯ = za · F¯a¯ − z¯
a¯ · Fa. (2.10)
From the same lemma we also obtain
0 =
∫
X
Ω ∧ ∂aΩ = Fa − z
b∂aFb =⇒ Fa(z) =
1
2
∂a(F (z)), (2.11)
where F (z) = 1/2zbFb(z). Therefore, according to the defnition (2.1) metric Gab¯ =
∂a∂¯b¯K(z) is a special Kähler metric with prepotential F (z) and with special coordinates
given by the period vector.
Using the notation for the vector of periods
Π =
(
Fα, z
b
)
, (2.12)
we write the expression for the Kähler potential as
e−K(z) = ΠaΣ
abΠb, (2.13)
where Σ is a symplectic unit, which is an inverse intersection matrix for cycles Aa and
Bb.
Also Yukawa couplings can be expressed through the prepotential F (z)[5] as:
κabc = ∂a∂b∂cF (z) =
∫
X
Ω ∧ ∂a∂b∂cΩ. (2.14)
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Kähler potential in an arbitrary basis of periods.
Using formula (2.13), we can rewrite this expression in any basis of periods
ωµ =
∫
qµ
Ω , (2.15)
where qµ ∈ H3(X,Z), and then
e−K = ωµC
µνων , (2.16)
where Cµν is the inverse marix of the intersection of cycles.
Thus, to find the Kähler potential, we must compute the periods over a basis of cycles
on CY manifold together with their intersection matrix.
3 Hypersurface in weighted projective space
Further, we concentrate on the case where the CY manifold is realized as a zero locus
of a single polynomial equation in a weighted projective space. In this case, we establish
the crucial relationship with the FM structure. We consider CY 3-folds, but most of our
result are generalizable to an arbitrary dimension.
Fundamental basis of periods Let x1, . . . , x5 be homogeneous coordinates in a
weighted projective space and
X = {x1, . . . , x5 ∈ P
4
(k1,...,k5)
|W0(x) = 0}. (3.1)
For some quasi-homogeneous polynomial W0(x),
W0(λ
kixi) = λ
dW0(xi), (3.2)
and
degW0(x) = d =
5∑
i=1
ki. (3.3)
The last relation ensures thatX is a CY manifold. HereW0(x) is the superpotential for the
corresponding Landau–Ginzburg (LG) model, andW0(x) defines an isolated singularity in
the origin iff the CY manifold is quasi-smooth 1. The moduli space of complex structures
is then given by homogeneous polynomial deformations of this singularity:
W (x, φ) = W0(x) +
µ∑
s=0
φses(x), (3.4)
1Quasi-smoothness means that the only possible singularities of the CY are given by those of the
underlying weighted projective space
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where es(x) are monomials of x which have the same weight as W0(x). In this case, the
holomorphic 3-form Ω is given as a residue of a 5-form in the underlying affine space C5:
Ω =
x5dx1 ∧ dx2 ∧ dx3
∂W (x)/∂x4
= ResW (x)=0
x5dx1 · · ·dx4
W (x)
=
=
1
2pii
∮
|x5|=δ
ResW (x)=0
dx1 · · ·dx5
W (x)
, (3.5)
where the last equality is due to the homogeneity of the integrand. Residue is understood
as an integral over a small circle in the direction transversal to the hypersurface W (x) = 0
at each point.
Using explicit expression (3.5) for Ω, we can compute a basis of periods ωµ(φ) as
follows [2]. We take a so-called fundamental cycle q1, which is a torus in the large complex
structure limit:
W (x, φ) = W0(x) + φ0
∏
xi +
µ∑
s=1
φses(x), φ0 >> 1. (3.6)
In this limit, we can define an 5−dimensional torus Q1 = |xi| = δi surrounding the
hypersurface W (x) = 0 in C5. It corresponds to an 3-dimensional torus q1 ⊂ X. Then
the fundamental period is defined as an integral over this cycle
ω1(φ) :=
∫
q1
Ω =
∫
Q1
dx1 · · ·dx5
W (x, φ)
, (3.7)
and is given by a residue in its large φ0 expansion. It was computed for many cases in
the work [2].
More periods ωµ may be obtained as analytic continuations of ω1 in φ. This can be
conveniently done by continuing ω1(φ) in a small φ0 region using Mellin–Barnes integrals
and using the symmetry of W0(x) afterward.
Namely, there is a group of phase symmetries ΠX acting diagonally on xi and this action
preserves W0(x). It doesn’t preserve the deformed polynomial W (x), but we can extend
this action to A : G×{φs} → {φs} on the parameter space such that W (x) is invariant:
W (g · x, A(g) · φ0, A(g) · φ
s) = W (x, φ).
The moduli space is then at most a factor of the parameter space {φs}/A.
This allows to define a set of other periods by analytic continuation,
ωµg(φ) = ω1(A(g) · φ0, A(g) · φ
s) g ∈ GX . (3.8)
In many cases this construction gives the whole basis of periods for the manifold X [2].
Periods as oscillatory integrals
The next important step is to transform the integrals for the periods
∫
qµ
Ω to the complex
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oscillatory form. First we have
ωµ(φ) :=
∫
qµ
Ω =
∫
Qµ
d5x
W (x)
, (3.9)
where qµ ∈ H3(X), Qµ ∈ H5(C
5\W (x) = 0), and Qµ is given by a tubular neighbourhood
of qµ. Now we can present them in the form∫
Qµ
d5x
W (x)
=
∫
Q±µ
e∓W (x)d5x (3.10)
where Q±µ ∈ H5(C
5, ReW0(x) = ±∞).
The map Qµ → Q
±
µ is given by a contour deformation similarly to how it was done
in [12] and in [13]. This deformation can be performed due to the existence of a natural
isomorphism 2 [14]
H3(X)→ H5(C
5\W (x) = 0) = H5(C
5, ReW0(x) = ±∞)w∈d·Z. (3.11)
Here
H5(C
5, ReW0(x) = ±∞)w∈d·Z (3.12)
is a subgroup of H5(C
5, ReW0(x) = ±∞), which we describe in the next paragraph.
Using this isomorphism, we rewrite the periods as
ωµ = ω
±
µ =
∫
Q±µ
e∓W (x)d5x, (3.13)
and from formula (2.16), we obtain
e−K = ω+µC
µνω−ν , (3.14)
where Cµν = qµ ∩ qν = Q
+
µ ∩ Q
−
ν and Q
±
µ ∩ Q
±
ν = 0. At the moment we do not
know how to prove that intersections of the cycles qµ ∩ qν and Q
+
µ ∩ Q
−
ν do coincide.
However, this conjecture agrees with the Cecotti-Vafa formula in [15] for the Käh-
ler potential. Also, we have verified the conjecture by direct computations in a few
examples considered in section 6 and comparing our results with obtained earlier in [1, 16].
Taking into account that the basis ωµ of periods has been already found for a large
class of CY manifolds in [2], we need only to know the matrix Cµν to obtain the Kähler
potential for the Moduli space of CY manifolds in these cases.
To solve this problem, we will use the fact that the CY moduli space is the marginal
subspace of the Frobenius manifold [7] which arises on the monodromy invariant defor-
mations of the singularity given by the LG superpotential W0(x). We will do this in the
next sections.
2We are thankful to A. Givental and V. Vasiliev for explanation of this point.
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4 Frobenius manifold structure on the deformation space of W0
It was conjectured and partially demonstrated by Gepner in [17] that compactifica-
tions of superstring theory on CY manifolds invented in [18] are equivalent to compacti-
fications on N = 2 superconformal field theories.
In the cases considered now they are LG models with superpotentialW0(x). The deep con-
nection of these models with singularity theory was established in [19–21] . The Frobenius
manifold structure appears on the space of deformations of this singularity.
The polynomial W0(x) in C
5, which defines a quasi-smooth CY hypersurface in some
4-dimensional weighted projective space, is a quasi-homogeneous polynomial:
W0(λ
kix) = λdW0(x) (4.1)
with an isolated singularity in the origin.
We consider the Milnor ring of this singularity
R0 =
C[x1, . . . , x5]
∂1W0(x) · . . . · ∂5W0(x)
, (4.2)
and its subring RQ0 of elements of degree divisible by degree d of the singularity
3. We
note that this is precisely a subring invariant under the following action of
Q = Zd : m · xj = e
2piimkj
d xj, (4.3)
where m ∈ Q. Let eµ(x) be a (vector space) basis of R
Q
0 , consisting of homogeneous
monomials of the least possible degree. There is a natural multiplication in this ring
induced by multiplication of polynomials, and there is also a metric, turning the space of
eµ(x) into a Frobenius algebra.
The metric and struture constants are given by
ηµν = Res
eµ · eν
∂1W0(x) · · ·∂5W0(x)
,
Cµνλ = C
σ
µνησλ = Res
eµ · eν · eλ
∂1W0(x) · · ·∂5W0(x)
.
(4.4)
We consider a general non-necessarily homogeneous deformation
W (x) = W0(x) +
∑
tµeµ(x). (4.5)
The space of parameters tµ then possesses a structure of a Frobenius manifold MF . That
is, there are a multiplication and a flat metric hµν(t) on the monodromy invariant Milnor
3For the quintic threefold W0(x) =
∑
i x
5
i , dim R0 = 1024, dimR
Q
0
= 204, there are 101 elements of
R
Q
0
of the weight d. Q in the notation RQ
0
stands for the so-called quantum symmetry group (see, e.g.,
section 6). Here and after one can consider the same construction with a bigger quantum symmetries
group Zd ⊂ Q.
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ring RQ of the deformed singularity W (x):
R =
C[x1, . . . , x5]
∂1W (x) · . . . · ∂5W (x)
, RQ = {e ∈ R, | [e] ∈ d · Z}. (4.6)
Since the metric hµν is flat, there exist flat coorinates s
µ on MF . The metric in these
coordinates is the constant ηµν equal to hµν(t = 0). The structure constants of the ring
R are given by the third derivatives of a function F (t) called the Frobenius potential,
Cρµν(t)hρσ = ∇µ∇ν∇σF (t), (4.7)
where ∇ is Levi-Civita connection for hµν(t).
We recall Riemannian manifold MF with a flat metric hµν(t) is called a Frobenius
manifold if each tangent space of MF is a Frobenius algebra with a scalar product given
by hµν and the structure constants satisfy integrability condition which implies (4.7) for
some local function F (t) (see [7] for more details on FM).
Frobenius manifold and Cohomology group H5
D±
(C5)
We consider the differentials
D± = D±W0 = d± dW0 ∧ . (4.8)
They define certain cohomology groups on the Q = Zd-invariant differential forms in
C5. The fifth cohomology groups H5D±(C
5)w∈d·Z of this differentials as linear spaces are
isomorphic to the invariant Milnor ring RQ [12]. This isomorphism is given by eµ(x) →
eµ(x)d
5x [22, 23].
The cohomology group H5D∓(C
5)w∈d·Z is dual to the homology group
H5(C
5,ReW0(x) = ∓∞)w∈d·Z which is by definition a Q = Zd invariant subgroup
of H5(C
5,ReW0(x) = ∓∞). This duality follows from the self-consistency of the perfect
pairing between these groups defined as
〈Γ±µ , eνd
5x〉 =
∫
Γ±µ
eν · e
∓W0(x)d5x. (4.9)
As was already mentioned, H5(C
5,ReW0(x) = ∓∞)w∈d·Z is isomorphic to H
3(X).
Therefore we have an isomorphism RQ ≃ H3(X), moreover, under this isomorphism
weight decomposition on the one side becomes Hodge decompositon on the other. Namely
there is a natural way to construct a corresponding harmonic form from the polynomial
in RQ [11].
Furthermore we define a set of cycles Γ±µ in the group H5(C
5, ReW0(x) = ±∞)w∈d·Z
by requiring that ∫
Γ±µ
eν · e
∓W0(x)d5x = δµν , (4.10)
with the Kroneker matrix δµν .
The convenient computation technique in HD±(C
5) introduced in [13, 23] can be used
– 9 –
to compute the integrals ∫
Γ±µ
eν · e
∓W (x,φ)d5x, (4.11)
W (x, φ) =W0(x) +
∑µ
s=0 φ
ses(x). Let us review it in application to our case.
First we expand the exponent in the integral above in φ:
σ±µ (φ) =
∑
m
(∏
s
(±φs)
ms
ms!
)∫
Γ±µ
∏
s
es(x)
ms e∓W0(x) d5x. (4.12)
We note, that σ−µ (φ) = (−1)
|µ|σ+µ (φ), so we focus on σµ(φ) := σ
+
µ (φ).
For each of the summands in (4.12) form
∏
s es(x)
ms d5x belongs to H5D±(C
5)inv,
because it is Q−invariant. Thus, we can expand the form in the basis eµ(x) d
5x ∈
H5D±(C
5)inv. Namely we always can find such a polynomial 4−form U, that
∏
s
es(x)
ms d5x =
∑
ν
Cν(m) eν(x) d
5x+D+U. (4.13)
Therefore, the integral in (4.12) is reduced to∫
Γ±µ
∏
s
es(x)
ms e∓W0(x) d5x = Cµ(m). (4.14)
The computation of Cµ(m) and U can be done as follows. Let degree of
∏
s es(x)
ms d5x
be kd. Since each of differentials D± is the sum of two quasihomogeneous terms of degree
0 and degree d, it is convenient to present the 4−form U as a sum U =
∑k−1
j=1 Uj with dUj
quasihomogeneous of degree jd and dW0 ∧ Uj of degree (j + 1)d.
Substituting to (4.13) arrive to the following system of equations:
∏
s
es(x)
ms d5x = dW0 ∧ Uk−1,
dUj = dW0 ∧ Uj−1, 4 < j < k − 1,
dUj = dW0 ∧ Uj−1 +
∑
ν, deg(ν)=jd
Cν(m) eν(x) d
5x, 1 ≤ j ≤ 4,
(4.15)
where U0 := 0.
The system above can be tranformed to a recursion for the coefficients Cµ(m) in m.
To get the recursion let us write dUk−1 =
∑
m′ c(m,m
′)
∏
s es(x)
m′s d5x for some constants
c(m,m′). Then we can find these constants from the first equation of (4.15). This gives
the relation Cµ(m) =
∑
m′ c(m,m
′)Cµ(m
′), where deg
∏
s es(x)
m′s < deg
∏
s es(x)
ms . We
will demonstrate it explicitly below for the quintic example.
Moduli space as a subspace of the Frobenius manifold
In general, W (x) = W0(x) +
∑
tµeµ(x) = 0 does not define a surface in a projective
space. This only occurs when W (x) is quasihomogeneous, i.e. in a case of marginal
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deformations or deformations that have the same scaling property as W0(x). We let
denote {φs} ⊂ {tα} the marginal deformation parameters.
Thus, the marginal deformations W0(x) +
∑
φses(x) define a subspace of a total
Frobenius manifold connected with the LG superpotential W0. This marginal subspace
of the Frobenius manifold coincides (at least locally and maybe after some orbifolding by
a finite group) with the moduli space of the CY manifold.
5 Computing the Kähler potential.
The second basis of periods.
In this section we use the connection of the CY moduli space to the corresponding FM
to find the inverse intersection matrix of the cycles Cµν , qµ ∩ qν = Q
+
µ ∩Q
−
ν .
For this, we define a few additional periods ω±α,µ(φ) as integrals of eα(x)d
5x from
H5D±(C
5) over the cycles Q±µ ∈ H5(C
5, ReW0(x) = ±∞)w∈d·Z that have been defined
earlier:
ω±αµ(φ) =
∫
Q±µ
eα(x) e
∓W (x,φ)d5x. (5.1)
In particular, the periods ω±1µ(φ) coincide with the periods ω
±
µ (φ) defined above since
we assume that e1(x) = 1 denotes the unity in the ring R.
The crucial fact for the possibility to compute the intersection matrix Cµν is its
connection (as proved in the appendix) with the Frobenius metric hαβ(t) for t = 0 [15, 26]
as:
ηαβ = ω
+
α,µ(t = 0) C
µν ω−β,ν(t = 0). (5.2)
Formula (5.2) in principle allows us to determine the inverse intersection matrix Cµν . It
turns out to be convenient to use the following maneuver.
We define another basis of periods σ±µ (ψ) as integrals over the cycles Γ
±
µ ∈
H5(C
5, ReW0(x) = ±∞)w∈d·Z:
σ±µ (ψ) =
∫
Γ±µ
e∓W (x,ψ)d5x, (5.3)
where Γ±µ is chosen dual to eµ(x)d
5x as explained above.
Once we have an oscillatory representation for the periods σ±µ (φ) over the correspond-
ing cycles Γ±µ , we can define additional integrals σ
±
α,µ(φ) over the same cycles as
σ±α,µ(φ) =
∫
Γ±µ
eα(x) e
∓W (x,φ)d5x. (5.4)
It follows from e1(x) = 1 that σ
±
1µ = σ
±
µ . Due to our choice of the cycles Γ
±
µ we also have
σ±α,µ(t = 0) = δα,µ .
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The construction.
Since both ω±α,µ(φ) and σ
±
α,ν(φ) are basises of periods defined as the integrals over the
cycles in the same space H5(C
5,ReW0(x) = ±∞), they are connected by some constant
matrix (T±)νµ, which is independent of α:
ω±α,µ(φ) = (T
±)νµ σ
±
α,ν(φ). (5.5)
Therefore, to find the matrix T , it suffices to take a few first terms of the expansion over
φ of the periods ω±µ (φ) and σ
±
µ (φ) and to use the equation
ω±µ (φ) = (T
±)νµ σ
±
ν (φ). (5.6)
Also, knowing that σ±α,µ(φ = 0) = δα,µ, we get
ω±α,µ(φ = 0) = (T
±)αµ. (5.7)
From eq. (5.2) we then obtain
ηµν = (T+)µρ C
ρσ (T−)νσ. (5.8)
From this we find the intersection matrix Cρσ in terms of the known Frobenius metric ηµν
and the also known matrix T .
From (3.14), (5.6), and (5.8), we finally conclude that
e−K(φ) = σµ(φ) η
µν Mλν σ
−
λ (φ), (5.9)
where the matrix Mab = (T
−1)ac T¯
c
b .
This formula is our main result. It gives an explicit expression for the Kähler
potential K in terms of the periods σµ(ψ),
FM metric ηµν and matrix M
µ
ν . All these data can be computed exactly as it has been
explained above.
It makes sense to stress that having the exact expression for ω±ν (φ), we obtain the
exact and explicit expressions for the periods σ±µ (φ) from (5.6):
σ±µ (φ) =
(
(T±)−1
)ν
µ
ω±ν (φ). (5.10)
In terms of the periods σ±µ (φ) expression (5.9) for the Kähler potential has a more conve-
nient form for calculating the metric on the CY moduli space.
6 Examples
Quintic CY threefold
This CY manifold is defined as
Xψ = {xi ∈ P
4 |Wψ(x) = x
5
1 + x
5
2 + x
5
3 + x
5
4 + x
5
5 − 5ψx1x2x3x4x5 = 0}. (6.1)
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Here we set φ0 = 5ψ to connect with [1].
We compute the complex structure moduli space metric for this one-parameter family.
In this case, the phase symmetry(see section 3) is Z55 and the induced action A on the
one-dimensional space {ψ} is Z5 : ψ → e
2pii/5ψ.
This space is the whole complex structure moduli space of the quotient X/Z35 =: Xˆ, that
is the mirror manifold of the original quintic. In particular, h1,1(Xˆ) = 101, h2,1(Xˆ) = 1.
We choose cycles Γ±µ dual to the cohomology classes d
5x,
∏
xi ·d
5x,
∏
x2i ·d
5x,
∏
x3i ·d
5x,
that form a basis in the cohomology subgroup corresponding to the subring of Milnor ring
elements of weight ∈ 5Z and invariant under the Z35 action of the phase symmetry. For
the periods, the algorithm, described above gives:
σ−µ (ψ) =
∑
m
(
(−5ψ)m
m!
)∫
Γ−µ
(x1x2x3x4x5)
m e
∑
i x
5
i d5x. (6.2)
Let m = 5n+ ν, ν < 5. We want to expand∏
x5n+νi d
5x =
∑
ν
Cµ(m) (x1x2x3x4x5)
µ d5x+D+U. (6.3)
Note that
D+
(
1
5
x5n+k−41 f(x2, · · · , x5) dx2 ∧ · · · ∧ dx5
)
=
=
[
x5n+k1 +
(
n+
k − 4
5
)
x
5(n−1)+k
1
]
f(x2, · · · , x5) d
5x, (6.4)
where f denotes an arbitrary polynomial. Applying it to f = (x2x3x4x5)
5n+k we get
∏
x5n+νi d
5x = −
(
n +
k − 4
5
)
x
5(n−1)+ν
1 (x2x3x4x5)
5n+ν d5x modulo D+(· · · ) (6.5)
We use an analogous formula for permuted x1, . . . , x5 and appropriate f to get the
following recursion:
∏
x5n+νi d
5x = −
(
n+
k − 4
5
)5 ∏
x
5(n−1)+ν
i d
5x+D+U˜ , (6.6)
which implies
Cµ(m) = −
(
n+
k − 4
5
)5
Cµ(m− 5).
This recursion is immediately solved
∏
x5n+νi d
5x = (−1)n
Γ(n+ ν/5)
Γ(ν/5)
5 ∏
xνi d
5x+D+U, (6.7)
Cµ(m) = δµ,ν(−1)
nΓ(n+ ν/5)
Γ(ν/5)
5
.
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Plugging it into (6.2) we obtain
σ±µ (ψ) =
(±1)µ−1
Γ(µ/5)55µψ
∞∑
n=0
Γ5(n+ µ/5)
Γ(5n+ µ)
(5ψ)5n+µ, (6.8)
which have the following behaviour (±ψ)µ−1/Γ(µ) +O(ψµ+4).
The fundamental period for the quintic is defined as a residue of a holomorphic three-
form
x5dx1 ∧ dx2 ∧ dx3
∂Pψ/∂x4
, (6.9)
that is given by an integral over a cycle q1, which is three-dimensional torus [1]. Its
analytic continuations as explained above give the whole basis of periods in a basis of
cycles with integral coefficients:
ωµ(ψ) =
∞∑
m=1
e4piim/5Γ(m/5)(5e2pii(µ−1)/5ψ)m−1
Γ(m)Γ4(1−m/5)
, |ψ| < 1, (6.10)
in this case ωα,µ(0) equals to ∂
α−1
ψ ωµ(ψ) for α = 1, .., 4.
Therefore, taking the first four terms of the expansion of the periods above and
using (5.7) we obtain
T µν =
e2pii(ν−1)(µ−1)/5e4piiν/55ν−1Γ(ν/5)
Γ4(1− ν/5)
. (6.11)
The FM holomorphic metric in this case
η = antidiag(1, 1, 1, 1). (6.12)
Finally, we obtain ηM = η T−1T¯ and the Kähler potential for the metric according to
our main formula (5.9):
e−K(ψ) =
Γ5(1/5)
125Γ5(4/5)
σ+11σ
−
11 +
Γ5(2/5)
5Γ5(3/5)
σ+12σ
−
12 +
5Γ5(3/5)
Γ5(2/5)
σ+13σ
−
13 +
125Γ5(4/5)
Γ5(1/5)
σ+14σ
−
14.
(6.13)
In particular,
Gψψ¯(0) = 25
Γ5(4/5)Γ5(2/5)
Γ5(1/5)Γ5(3/5)
. (6.14)
Fermat hypersurfaces
The direct generalization of the quintic is a Fermat hypersurface, which is the one given
by the equation
W0(x) =
5∑
i=1
xnii , ni = d/ki,
∑
ki = d, (6.15)
and the degree d is equal to the least common multiple of {ki}.
As in the case above, we consider a one-dimensional deformation W (x, φ0) = W0(x) +
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φ0
∏5
i=1 xi. The phase symmetry group is ΠX = Zn1 × · · · × Zn5 . The lifted action on φ0
is Zd : φ0 → ζφ0, ζ = e
2pii/d. We take the expression for the fundamental period from [2]:
ω1(φ0) =
d−1∑
r=1
A(r)
φr−10
Γ(r)
+O(φd−10 ). (6.16)
and
A(r) =
(−1)r−1e
−piir
d
sin rpi
d
∏5
i=1 Γ(1−
kjr
d
)
. (6.17)
We note that A(r) vanishes if kir/d ∈ Z, i.e. r/ni ∈ Z. According to the general
analytic continuation procedure
ωµ(φ0) =
∑
ζ (r−1)(µ−1)A(r)
φr−10
Γ(r)
+O(φd−10 ). (6.18)
Using the definitions (4.10) and (5.3) we obtain
σ+µ (φ0) =
φµ−10
Γ(µ)
+O(φµ+d−20 ), µ/ni /∈ Z, otherwise 0. (6.19)
This latter condition implies that ωµ form a basis in the periods of Ω deformed by φ0. We
obtain the transition matrix
T µν = ζ
(µ−1)(ν−1)A(µ), µ/ni /∈ Z, ν/ni /∈ Z
(T−1)λµ =
ζ¯ (λ−1)(ν−1)
d˜− 1
1
A(µ)
,
(6.20)
and the real structure
Mµν =
A¯(µ)
A(d− µ)
δµ+ν,d . (6.21)
In this case, ηµ,ν = δµ+ν,d and therefore
e−K(φ0) =
d−1∑
µ=1, µ/ni /∈Z
5∏
i=1
γ
(
kiµ
d
)
σ+µ (φ0)σ
−
µ (φ0), (6.22)
where γ(x) = Γ(x)/Γ(1− x) and
σ±µ (φ0) = ±
∞∑
R=0
φµ−1+dR0
Γ(dR + µ)
5∏
j=1
Γ
(
kj(R +
µ
d
)
)
Γ(
kjµ
d
)
. (6.23)
From this we get a formula for the metric itself
Gφ0φ0 =
5∏
i=1
(
γ
(
kiµ0
d
)
γ
(
1−
ki
d
))
|φ0|
2(µ0−1)
Γ(µ0)2
+O(|φ0|
2µ0), (6.24)
where µ0 is the least integer 1 ≤ µ0 < d such that (µ0 + 1)/nj 6= Z. The last formula
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reproduces the known results for CY manifolds P4(2,1,1,1,1)[6], P
4
(4,1,1,1,1)[8] and P
4
(5,2,1,1,1)[10]
obtained in [16].
The case of invertible polynomial
We assume that the above approach is applicable to the case of CY manifold defined
in terms of the hypersurface in weighted projective spaces of the type described in [2],
i.e., the hypersurfaces whose defining polynomial is
W0(x) =
5∑
j=1
5∏
i=1
x
aij
i ,
∑
kiaij = d, (6.25)
and ∑
ki = d.
In this case periods are given in terms of the mirror CY manifold Xˆ. We briefly describe
the construction of Xˆ following [6].
The polynimial W0(x) has a group ΠX of phase symmetries represented as
ΠX = QX ×GX , (6.26)
where QX is a quantum symmetry group ≃ (Zd : k1, · · · , k5)
4. The complement to QX
in ΠX is called a geometric symmetry group GX . For mirror manifolds the total phase
symmetry is unchanged whereas roles of quantum and geometric symmetries switch:
GX = QXˆ , QX = GXˆ . (6.27)
To build such a mirror, we must first to consider a polynomial Wˆ0(x) with a transposed
matrix of exponents aˆij = aji,
Wˆ0(x) =
5∑
j=1
5∏
i=1
x
aˆij
i ,
∑
kˆiaji = dˆ, (6.28)
and ∑
kˆi = dˆ.
Here kˆi and dˆ are uniquely defined by the reqirement that the equalities above are satis-
fied.
This polynomial has the same group of phase symmetries, however generically the condi-
tion (6.27) is not fulfiled, i.e. its quantum symmetry is smaller, then geometric symmetry
of the original hypersurface.
To get a mirror we need to enlarge quantum symmetry of {Wˆ0(x) = 0}. For this purpose
we take a quotient of the hypersurface {Wˆ0(x) = 0}/H , where H is some subgroup of
phase symmetries which is to be found in each case [6].
4Notations are the same as in [6], that is 1 ∈ (Zr : a1, · · · , a5) acts as xi → e
2piiai/rxi. We note that
action of the quantum symmetries on X is trivial.
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Thus, computing complex moduli space for the manifold X (or Xˆ) we compute also
a complexified Kähler moduli space metric for the mirror CY through the mirror map.
The periods ωµ(φ) in this case were computed in (6.25) in [2] and, if we set all
parameters φs (but not φ0) equal to zero for simplicity, then we have:
ω1(φ0) =
dˆ−1∑
r=1
A(r)
φr−10
Γ(r)
+O(φdˆ−10 )
A(µ) = (−1)µ
pi
dˆ sin piµ
dˆ
5∏
j=1
1
Γ(1−
kˆjµ
dˆ
)
.
(6.29)
For our general method to work, this must give all relevant periods. Basically we must
check that all possible periods are obtained from this one (with all φs 6= 0) by phase-
symmetry analytic continuations. In other words it is necessary to verify the relation
dim〈ω0(A(g) · φ)〉g∈GX = dimH3(X). (6.30)
This was certainly the case in the preceding examples, but we are not aware of this fact
in general (it is so in all examples). As in the previous example, in the one-modulus case
we obtain
e−K(φ0) =
dˆ−1∑
µ=1, µkˆi/dˆ/∈Z
ηµ,dˆ−ν
5∏
j=1
γ
(
kˆjµ
dˆ
)
σ+µ (φ0)σ
−
ν (φ0). (6.31)
For this formula to hold the number of linearly independent elements
∏5
i=1 x
n
i d
5x ∈
H5D±(C
5) should be equal to the number of 1 ≤ µ < dˆ, µki/d 6= Z.
If Hˆ ⊂ GX , we may also restrict all the computations to the case of Hˆ−invariant
deformations and homology elements respectively (to describe a mirror manifold, for in-
stance).
7 Conclusion
A new method for computing the CY moduli space metric is proposed. It can be used
for a larger class of of CY manifolds than this have been done before. This method does
not demand using of Picard–Fuchs equations. Instead of this, the cohomology technique
used in [23] for computing of the FM flat coordinates [24, 25] can be applied for computing
the periods. Therefore, as we expect, it can be applied for the computations of the CY
moduli space geometry in cases when the dimesion of the moduli space is more than one.
The FM structure naturally arising from an N=2 superconformal theory plays a significant
role in our computation. The result is given in terms of the topological metric on the
latter manifold and two basises of periods, both of which we are able to compute avoiding
the complicated direct computation of the symplectic basis of periods.
Our methods have been applied in this paper to CY manifolds, given by one polynomial
equation, in particular to the case of Fermat hypersurfaces and to the famous quintic
threefold. We suppose that the same approach can be applied to CY manifolds of a more
– 17 –
general type. We also work on the problem of computing the moduli space metric around
other interesting points in the moduli spaces, such as the large complex structure limit.
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APPENDIX
The proof of the relation (5.2)
Following [26] here we want to prove the first equality in (5.2), that is
hab = Res
ea · eb d
nx
∂1W0 · · ·∂nW0
=
∫
Q+µ
ea e
−W0dnx Cµν
∫
Q−ν
eb e
W0dnx. (1)
To do this consider a small Morse function perturbation W (x, t) = W0(x) + eata so that
0 - critical point of W becomes a set of Morse points p1, . . . , pµ and consider a bilinear
form
hab(t, z) =
∫
Q+µ
ea e
−W (x,t)/zdnx Cµν
∫
Q−ν
eb e
W (x,t)/zdnx. (2)
First of all we notice, that
hab(t = 0, z) = z
k · hab(t = 0, 1), (3)
because if t = 0, we can absorb z by coordinate transform xi → z
ki/dxi.
Then we choose basis of cycles of so-called Lefschetz thimbles: L±i starts from pi
and goes along the gradient of Re(W (x, t)) in positive/negative direction. With certain
orientation their intersection numbers are L+µ ∩ L
−
ν = δµν .
Then rhs of (2) becomes in this basis:
µ∑
i=1
∫
L+i
ea e
−W (x,t)/zdnx
∫
L−i
eb e
W (x,t)/zdnx. (4)
Using stationary phase expansion as z → 0 we obtain for a period:
∫
Q+i
ea(x) e
−W (x,t)/zdnx = ±
(2piz)N/2√
HessW (pi, t)
(ea(pi) +O(z)). (5)
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Inserting in the formula (4) we get
hab(t, z) = ±
µ∑
i=1
(2piiz)N
ea(pi) · eb(pi)
Hess(W (pi, t))
(1 +O(z)) =
= (2piiz)N
(
Res
ea · ebd
nx
∂1W · · ·∂NW
+O(z)
)
. (6)
By analytic continuation it holds for t = 0. Now we recall that hab(0, z) = z
k · hab(0, 1).
The required equality now follows from the previous formula.
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